
PHY456: "Lecture 3"

Spherical Potentials,

-Waves

Generally:

g)ei -Eulo,4E

· If we expect V(r) to be symmetric, no y-dependence

(See Yokawa example in Lee) so for V(r):V(Irl) =V(r),

&x(8,4) -> 7,0):

GATE/r=e4+EnCo) er

MATH BACKGROUND: a function of 0.4 can be expanded into

eigenfunctions of2, Ez, the Y,*(0,4)

spherical harmonics (justfunctions with Pr(*) as a

basis) which are the coordinate- basis eigenfunctions

[2(l,m) =r(l+1) h2 11,m)

Lz (1,m) =mh/e,m)

(Angular momentual



For g-independence, M=0 (Lz = - ihy) and we use

in(0):J Pr(coso)
↑

Legendre 1.dxPe(x) Pei(x) =2
Polynomial

Pex) =zee!e(x2-1)
so we can expand 7,0) as a change of basis into the

Pe basis (likea Fourier Series)

Exco): Ertetill) Posa-Legendre
if Ei(o) depends Polynomial

convention on K, all K-

dependence isrepresented
by functions a(K)

In this expansion, or incoming plane waves ell*-elrosego into

eikz_ietKr) lostegendre
Spherical polynomial

Bessel Function of
firstkind (again)

For a plane wave in the K-direction,

eikor=4 il um*(0x,4) I(Kr Y8,4)

"Proof":Y*(8,4) constitute an orthonormalized basis,

thatis,



vM(8,9):enter"ermy(sinamm(sinae
Associated

or YM(0,4) =Neine DeKoso)-Legendre-- Polynomials

=Neime((-y(-xm(P(x)]
and

I"de)sinc de xm*10,4) Ye(0,4) =feel smml.

Any square- integrable function I (8,4) can be expanded

in one and only way via these spherical harmonics:

f(0,4) =2m2emY*(8,4)

with cem=I*ay(sinoda xm*(0,4) I18,4).

Similarly, with the closure relation

zY* 10,4) Y**(07) =f(coso-coso') 8(4-41).

--independence
For f(r):ei** =e

- =>
m

=0

iKrcoso= I CY,

by orthogonality (n =2ifsino do in einrcost.
The spherical Bessel function of the first kind is

j(kr):E(sinedo eircosa p(cosol,



so making this substitution with is: IPalcoso)

we obtain

jckr. t=("sinado eircost)in
-()(n

- (n =j(r.2.2i.(-i)/2
=jCkr). 44 (il"
=j(Kr). i. (4π(2n+1]'

(*)
ik.r=442 i(4π(2+)]" je[Kr Ythus 2

ee
KPCOSE... In

is

4 in [4n(et]' jen(2] Pr(lost)for i=E, 2

=4πzi(22+) je(kul Pe(Cost)

ces required.

You can use the addition theorem to write (4) in

an arbitrary coordinate frame:

exir:44 in jecer Y(K) Ym*(r).
""

BACK to notes...

Logic:free particle uses cigenstates of,

E:ER2 and P =(0,0, P== 4K).



Label these eigenstates 1K,P).

For angular momentum operators is and E.Be,
label these eigenstates (1, e,ML.

We need the change of basis between these two states,

11,8) =mCPL
Space

"Free"
(0)

and [1K, e,m) =4 x,,m
(i)

= je(kr) Y(0,4)

with jelx) =(-1x (**)Y spherical BesterFunction
of

Accepting the above expansions, we have y"(i)/res in V=o

(free) potential,

yscaleorenter Pelosal
r- D

set retire.We
(outgoing

Spherical)



which superimposes a phase shift lit:

=
cet eine (ereitere) Pelcos in

l=0

(*)

-Enterrear-eny pakoral

incoming 1
->4

x 4 I

What's happening here?

Since I is conserved, for each value of e we must also

have probability conserved.

So, at0, where the solution is a spherical wave, we

have an incoming and outgoing wave with the same amplitude,

butrentphases.

For free wave, the phase shiftis lit (none if e=0!)

Eventually, we shall argue thatwhen apotential is present, the

same mustoccur - except that the phase shiftis not lit but

is something different which can depend on 1 and K.

Generally, K-dependence contains all information aboutV(rl!



Back to initial problem- what about the scattering function

In (0) =(et) de(l) Pe(coso)?

The onlypossible choice for deck) is

Se(K) =ea.
How?

Accept and interpret:

ysettril-=eitz +I(a) et

-Etetll( eitrailer-ett) Pekoa) Ercomarte
- Eceetester Pelosol a form of stuttered

wave; with Selk)

as a phase shift.

-EE!)-erentetasel) pekoae
incoming wave outgoing wave has

(same setin freet phase shift fr(K)

due to interaction

May look "cooked up"but isvery sensible -

due to angular momentum conservation

and probability conservation.

Again, any stationary solution of (1,1)



should have the property:wave in In"",
wave at (2)

with phase shift for free,

#2Se(K) for non-free

We can use thisparticle-wave expansion to find a (fe).

Whatabout the differential cross-section dol-IEER?

function of 0 with

Eila) = E (et) eie pe(cosol) infinitely many fe's...

only a limited number of Ge's
Ci important.

docal=1E ceterPeccosal). In since do
=>o =Renimet(elite_1)(ee_1).PexPex

See

-2 12-2cos(2Sell (2i

=2, (21+). 2 sincee

- I since). (eti) Thus v=zv

where or -* (2e+) sin(8e)



COMMENTS:

Number of partial waves contributing

->
Famp+dp

Range of potential Angular momentum of particles with p
~

->

Beam
↳
"le; is mpvo (and Mux:AK; E=t

-> UC
->> P

so hewhkp => enkp

--
E but if op, particles miss target

(l>> Kro=> no scattering)

Therefore for a given K, only a small number of 1-modes (partial waves)

will contribute:1 =Rmax= Kro; therin lies the usefulness of or.

2) Uniterity bound:

Clearly, since sin(8e)= 1,

oe? Or,max= I (21+1)

3)Optical theorem:

ExCo) =Ret) Pekosos
so FxL0)=forward scattering amplitude (Fe, Pell)=1)

ite
e Sin Se=E(2et)

hence Im [Exco)] =(2e+1) Since



But we also had thatof12 sin(8e)(20+1)

therefore
o
=4*.Im [7,10] is the total scattering

cross-section.
↑

~ forward scattering
amplitude

Example:a calculation using partial waves. Let V(r):Go
be the impenetrable ball potential,

To simplify, consider low energies and only study to partial wave:

I(0) = ie"Solsin(fo(k))
This will be leading order in cross-section if I to;

Clearly 1=0 means isotropic scattering -is (isotropical

-> Islanisotropi

Find folk) by solving Schrodinger equation with 150:

Trem =Rxr(r) Y* (0,4)

=I Uxe(r) Y*(0,4)

with

12x2 +V(ri) Yisum-trem



so Since V issphericallysymmetric,

(E2d2 +ne +vir) Nne=ElKe

E (E +12) Wio(r) =0 [V(rcro)=0]

with the boundary condition Upo(r=rr) =0.

We have

Uno(r=(cinciraroll.s.

Recall that the phase shift was determined by the res

limit

Upo(r) sin(kr+folk)) = sinKr-Kro). x4 cross sectional

area of spherical

Xpotential ...

Thus folk) =- Kio and o =0 = Sin(Krol 4iro
-

Kro

For simple potentials, s-wave (l=0) and/or p-wave (l=1) dominate atlow

energies.


